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The LQR Baseline with Adaptive Augmentation Rejection of Unmatched
Input Disturbance
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Abstract: In this paper, disturbance rejection algorithm based on model reference adaptive control (MRAC) aug-
mentation of linear quadratic regulator (LQR) controller is investigated for uncertain turbulence disturbances. The
direct adaptive state feedback optimal controller based on an LDU gain decomposition parameterization is designed
to solve the turbulence compensation problem to enhance control performance. Under the proposed control tech-
niques, the bounded stability is achieved and the controller is able to remain within tight bounds on the matched
and unmatched uncertainties. Finally, simulation results are presented to illustrate the effectiveness of the proposed
MRAC augmentation of LQR controller.
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NOMENCLATURE

Ap open-loop state matrix about nominal trim
A LQR controller based state matrix
Bp open-loop input matrix about nominal trim
Bd LQR controller based state matrix

uncertainty
Br LQR controller based reference input

matrix
B LQR controller based control input matrix
C open-loop output matrix about nominal

trim
x(t) open-loop plant measured state
x̂(t) predictor plant state
xre f (t) reference state
y(t) open-loop plant measured output
ym (t) the model reference output
ubl (t) the baseline controller
uad (t) the adaptive controller
Gp (s) LQR controller based transfer matrix
Gd (s) LQR controller based disturbance transfer

matrix
Γ unknown matrix of constant parameters
Ω(x) the known Lipschitz-continuous regressor

vector
f (x) system matched uncertainty
ξ (t) system unmatched uncertainty
Λ control ineffectiveness uncertainty
Wm (s) reference transfer function matrix
ξm (s) modified interactor matrix
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Pl (s) poles polynomial matrix of the system
Z0 (s) zeros polynomial matrix of the system
Zd (s) zeros polynomial matrix of the disturbance
d (t) input disturbance regressor vector
d j0,d jk (t) some unknown constants of the

disturbance
Pre f ,Pprd symmetric positive-definite matrices of the

algebraic Lyapunov equations
f (t) some known bounded continuous

disturbance
K∗T

1 ,K∗
2 the nominal parameters of the adaptive controller

K∗
3 (t)

Φ∗,Φ(t) the nominal and estimate parameters of the
adaptive controller

Θ∗
0,Θ(t) the nominal and estimate parameters of

matrix L
Ψ∗,Ψ(t) the nominal and estimate parameters of

matrix D
h(s) an introduced signal filter
ξ (t) ,η (t)

introduced auxiliary signal of adaptive lawsζ (t) ,m(t)
ε (t) introduced estimation error
Pθ ,Pϕ ,P the gain of the MRAC adaptive laws
Px,Pr,Pτ the gain of the PMRAC adaptive laws
δr rudder deflection angle, deg
δa aileron deflection angle, deg
φ roll angle, rad
p roll rate, rad/s
r yaw rate, rad/s
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1. INTRODUCTION

During the past decades, several disturbance attenua-
tion and rejection approaches have been established. The
H∞ control technique which has advantages over classical
control techniques is an effective disturbance attenuation
method and has already been successfully applied in prac-
tice [1, 2]. However, the robustness against disturbance
achieved by the H∞ control approach is guaranteed at
the price of degraded nominal performance and the distur-
bance is assumed to have finite energy. Slide mode control
is an effective robust control algorithm since it is insen-
sitive to model uncertainties, external disturbances and
parameter variations [3–9]. In [7] a method that combines
H∞ and integral sliding mode control was proposed. The
main idea is to choose such a projection matrix, ensuring
that unmatched perturbations are not amplified and more-
over minimized. However, the slide mode control method
has an inherent feature of the chattering phenomenon
caused by the high-frequency control switching. This
chattering could severely deteriorate the performance of
the system. Recently, researches have been done to ensure
the robustness for system uncertainties and external dis-
turbances through using adaptive fuzzy output feedback
[10–12], dissipativity and l2 − l∞ approaches [13–15].

Adaptive control systems, under some generic design
conditions, are capable of tolerating large parametric,
structural and parameterizable disturbance uncertain-
ties, to ensure desired system asymptotic tracking per-
formance, in addition to system stability [16]. Such
asymptotic tracking performance is crucial for many
performance-critical system applications such as aircraft
control systems. Some adaptive control methods with
optimal control design were promoted to solve the distur-
bance problem [17–24]. In [17], the dead-zone modifi-
cation stops the adaptation process when the norm of the
tracking error becomes smaller than the prescribed value.
However, the dead-zone modification is not lipschitz and
it may cause high-frequency and other undesirable effects,
especially when the tracking error is near the dead-zone
boundary. The σ−modification together with a dynamic
normalization was employed in the adaptive law to ensure
robustness for small tracking errors and e−modification
was introduced to replace the constant damping gain σ
with a term proportional to a linear combination of the
system tracking errors [18, 19]. However, for large track-
ing errors, the dead zone, the σ−modification, and the
e−modification slow down the adaptation. In [20, 21],
the adaptive feedforward cancelation algorithms can be
applied to reject such frequency-modulated disturbances,
which are exactly equivalent to a set of compensators
implementing the internal model principle. In [22–24],
optimal control modification method was developed for
systems with unmatched uncertainty using a predictor
model for estimating the control input. However, the ex-

isting adaptive disturbance rejection designs are mainly
for the matched disturbance rejection or for the unmatched
disturbance rejection, but with certain difficulty of achiev-
ing the asymptotic output tracking performance.

The LQR baseline controller augmented with adap-
tive component has proven to be an effective choice for
accommodating the parametric uncertainties present in
flight control applications and for ensuring satisfactory
reference tracking [25–32]. This baseline controller with
adaptive augmentation architecture could provide good
tracking and transient performance with certain uncer-
tainty. A combining direct and indirect MRAC (CMRAC)
was developed to augment the LQR based method and
improve the transient performance compared with the
direct MRAC method [29]. A comparison was given
between the now-classical direct MRAC [34,35] and CM-
RAC augment system [30], and the CMRAC augment
method has the better transient characteristics than the
MRAC method, when using prediction errors in addition
to tracking errors, in formulating adaptive law dynamics.
In [31], an alternative model reference adaptive control
(AMRAC) state-feedback architecture for MIMO sys-
tems with matched uncertainties was developed and the
tracking performance of both the AMRAC and CMRAC
controllers is similar, and both controllers portray smooth
control input signals, as compared to MRAC. A predictor-
based MRAC (PMRAC) augment method was proposed
in [32] and simulation results confirm the fact that the
proposed PMRAC controller provides improved transient
response compared with MRAC of the closed-loop sys-
tem, in the presence of matched uncertainties. However,
the existing LQR baseline controller augmented with
MRAC, CMRAC, AMRAC and PMRAC are mainly for
the matched disturbance rejection.

The motivation for studying LQR baseline controller
augmented with adaptive component comes from the fact
that it is still significant to develop a new LQR based
MRAC disturbance rejection techniques to deal with
unmatched input disturbances to ensure the asymptotic
output tracking performance and improve the transient
performance compared with the single MRAC method.
The main contributions of this paper are described as fol-
lows.

1) A new LQR based MRAC method is introduced
to deal with unmatched input disturbances to ensure the
asymptotic output tracking and improve the transient per-
formance.

2) The proposed LQR based MRAC with LDU
decomposition-based controller is developed for mul-
tivariable linear systems with unmatched input distur-
bances, including key design conditions in terms of sys-
tem control and disturbance relative degrees, nominal
plant-model matching control designs, adaptive law and
stability analysis.

3) Comparisons and extensive simulations are studied
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to verify the effectiveness of the proposed new LQR based
MRAC method.

The rest of this paper is organized as follows. In sec-
tion 2, a linear time-invariant system problem in matched
and unmatched uncertainties is formulated and the LQR
baseline controller is designed. In section 3, we propose
LQR baseline controller augment with MRAC to solve
the disturbance and we illustrate an application of the
proposed adaptive design to aircraft wind disturbance re-
jection control. In section 4 and 5, some simulation results
and conclusions are discussed.

2. PROBLEM FORMULATION AND
PRELIMINARIES

2.1. Problem formulation
Consider the linear time-invariant system in the follow-

ing form:

ẋ(t) = Apx(t)+BpΛ(u(t)+ f (x))+ξ (t) ,
y(t) =Cx(t) , f (x) = ΓT Ω(x) ,

(1)

where x(t) ∈ Rn is the system state vector, Ap ∈ Rn×n and
Bp ∈ Rn×M are constant and known, C ∈ RM×n is constant
and unknown, u(t) ∈ RM is the control input, Λ ∈ RM×M

and f (x) are matched uncertainty, Λ with an unknown
constant diagonal positive-definite matrix. f (x) is the
linear-in-parameters state-dependent matched uncertainty.
Γ ∈ RN×M is a constant matrix of the unknown coefficients
and Ω(x)∈RN is the known N-dimensional regressor vec-
tor, whose components are locally lipschitz-continuous
functions. ξ (t) ∈ Rn is the unmatched bounded distur-
bance input, y(t) ∈ RM is the regulated output, x(t) ∈ RM

is the system state.

2.2. LQR control design
When the uncertainties parameter Λ = IM×M, f (x) = 0

and ξ (t) = 0, the plant (1) becomes

ẋ(t) = Apx(t)+Bpu(t),
y(t) =Cx(t) .

(2)

The LQR controller is

u(t) = KT
x x(t)+KT

r r (t) , (3)

where KT
x ∈ RM×n and KT

r ∈ RM×M are the baseline feed-
back and feedforward gain matrices and r (t) ∈ RM is a
bounded reference input signal. These gains can be calcu-
lated as follows:

KT
x =−R−1BT

p P,KT
r =−

(
CA−1

re f Bp

)−1
, (4)

where the nominal matrix is

Are f = Ap +BpKT
x , (5)

Q is a symmetric positive semidefinite matrix and R is a
symmetric positive definite matrix. The cost weight ma-
trices (Ap,Bp) is stabilizable and

(
Ap,Q

1
2

)
is detectable.

For the infinite-time problem, the optimal steady-state
control law for u using state feedback is formed by solv-
ing the algebraic Riccati equation using Q and R form (5),
the equation is given as

PAp +Ap
T P−PBpR−1BT

p P+Q = 0. (6)

The reference model dynamics is

ẋ(t) = Ax(t)+Brr (t)
A = Ap +BpKT

x ,Br = BKT
r .

(7)

If uncertainties and disturbances are not present, the LQR
controller is well performed for the system. However, the
not adequate performance or stability is provided by the
LQR controller when the disturbances are turned on.

2.3. Controller objective
The controller structure is u(t) = ubl (t) + uad (t) =

KT
x x(t)+ v(t), where ubl (t) = KT

x x(t) is used to improve
the transient performance of the system and uad (t) = v(t)
is used to ensure the stability of the output tracking in
the case of matched and unmatched disturbances. When
the parameter Λ ̸= IM×M, f (x) ̸= 0,ξ (t) ̸= 0, the reference
model dynamics become

ẋ(t) =
(
Ap +BpΛKT

x

)
x(t)+BpΛ(v(t)+ f (x))

+ξ (t) .
(8)

We define the system matrix and disturbance as

A = Ap +BpΛKT
x , B = BpΛ,

Bdd (t) = B f (x)+ξ (t) .
(9)

We have the LQR controller based multi-output linear
time-invariant system described by

ẋ(t) = Ax(t)+Bv(t)+Bdd (t) y(t) =Cx(t) , (10)

where A ∈ Rn×n, B ∈ Rn×M , Bd ∈ Rn×p and C ∈ RM×n, are
constant and unknown, and d (t) = [d1 (t) , . . . ,dp (t)]

T ∈
Rp is the disturbance vector. The element d j (t) is charac-
terized as

d j (t) = d j0 (t)+
q j

∑
k=1

d jk f jk (t), (11)

where d j0 and d jk are some unknown constants, f jk

are some known bounded continuous signal, j =
1,2, . . . , p,k = 1,2, . . .q j. Note that such a parameter-
izable disturbance feature is necessary for an adaptive
compensation design to cancel the disturbance effect.

An augmentation control signal v(t) is introduced to
cope with system parameter uncertainties. The state vec-
tor x(t) is available for measurement, the nominal state
feedback controller with the disturbance rejection term is

v(t) = v∗ (t) = K∗T
1 x(t)+K∗

2 r (t)+K∗
3 (t) , (12)

where the nominal parameters K∗T
1 ∈ RM×n and K∗T

2 ∈
RM×M are for the plant-model output matching and
K∗

3 (t) ∈ RM is used to cancel the effect of the disturbance
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d (t). The control objective is to design an adaptive con-
troller v(t) so that the baseline controller based system
(10) output state vector signal y(t) can asymptotically
track a reference output vector signal ym (t) generate from
a chosen reference model:

ym (t) =Wm (s) [r] (t) , (13)

where Wm (s) ∈ RM×M is a stable transfer function matrix
to be chosen as Wm (s) = ξ−1

m (s) for the modified interac-
tor matrix ξm (s) of Gp (s) = C(sI −A)−1B. Note that in
this paper, we use the notation y = G(s) [u] (t) to repre-
sent the output y(t) of a system whose transfer matrix is
G(s) and input is u(t), a convenient notation for adaptive
control systems.

2.4. Preliminaries and assumptions
Lemma 1 [33]: For every real matrix with nonzero

leading principal minors can be uniquely factored as

Kp = LDU, (14)

where L is unity lower triangular, U is unity upper trian-
gular, and

D = diag{d1,d2, . . . ,dm}
= diag

{
∆1,∆2∆−1, . . . ,∆m∆−1

m−1

}
.

(15)

Lemma 2 [13]: For any M×M strictly proper and full
rank rational transfer matrix G(s), there exists a lower tri-
angular polynomial matrix ξm (s), defined as the left inter-
actor matrix of G(s), of the form

ξm (s) =


d1 (s) 0 0 0
hm

21 (s) d2 (s) 0 0
...

...
...

...
hm

M1 (s) hm
M2 (s) ... dM (s)

 , (16)

where hm
i j(s), j = 1, 2, ..., M − 1, i = 2, ..., M, are some

polynomials and di (s) are any chosen monic stable poly-
nomials such that the high-frequency gain matrix of G(s)
defined as Kp = lims→∞ξm (s)G(s) .

From the baseline controller based system (10), the
control and disturbance transfer functions are obtained
as Gp (s) = C(sI −A)−1B and Gd (s) = C(sI −A)−1Bd

and are expressed in their left coprime polynomial ma-
trix decompositions: Gp (s) = P−1

l (s)Zp (s) and Gd (s) =
P−1

l (s)Zd (s), where Pl (s) ,Zp (s) ∈ RM×M and Zd (s) ∈
RM×p are some polynomial matrices.

Assumption 1: All zero of Gp are stable, and (A,B,C)
is stabilizable and detectable.

Assumption 2: Gp (s) is strictly proper with full rank
and has a known modified interactor matrix ξm (s) such
that Kp = lims→∞ξm (s)Gp (s) is finite and nonsingular (
so that Wm(s) = ξ−1

m (s) can be chosen as the transfer ma-
trix for the reference model system).

Assumption 3: The leading principal minors of the
high-frequency gain matrix Kp are nonzero, and their signs
are known.

Assumption 4: The transfer matrix Z−1
p (s)Zd (s) is

proper.
Remark 1: Assumption 1 is for output matching and

internal signal stability. Assumption 2 is for choosing the
reference system model for adaptive control. Assumption
3 is for designing adaptive parameter update laws. As-
sumption 4 is the relative degree condition from the con-
trol input v(t) and the disturbance input d (t) to the output
y(t) for the design of a derivative-free disturbance rejec-
tion scheme.

3. LQR BASLINE WITH ADAPTIVE
AUGMENTATION DISTURBANCE

REJECTION CONTROOLER DESIGN

3.1. Adaptive Augmentation Design
In this section, an adaptive rejection of unmatched in-

put disturbances in multivariable systems is introduced to
the augmentation of the baseline controller based on LDU
decompositions of Kp .

Lemma 3: The matrix Kd = lim
s→∞

ξm (s)Gd (s) is finite if

Z−1
p (s)Zd (s) is proper.

Proof: From Assumption 2, lim
s→∞

ξm (s)Gp (s) = Kp is
finite and nonsingular. we have

lim
s→∞

K−1
p ξm (s)Gp (s) = I. (17)

Hence, if Z−1
p (s)Zd (s) is proper, K−1

p ξm (s)Gp (s)Z−1
p (s)

Zd (s) is proper, that is

lim
s→∞

K−1
p ξm (s)Gp (s)Z−1

p (s)Zd (s)< ∞. (18)

Using Gp (s) = P−1
l (s)Zp (s) in (18), we have

lim
s→∞

K−1
p ξm (s)P−1

l (s)Zp (s)Z−1
0 (s)Zd (s)

= lim
s→∞

K−1
p ξm (s)P−1

l (s)Zd (s)

= lim
s→∞

K−1
p ξm (s)Gd (s)< ∞.

(19)

So that we obtain the following: ξm (s)C(sI −A)−1Bd is
proper, that is Kd = lim

s→∞
ξm (s)Gd (s) is finite.

Based on Lemma 3, the existence of a nominal con-
troller for the system (10) is established a follows.

Theorem 1: From the baseline controller based system
(10) in the unmatched disturbances, under Assumptions 1
and 4, there exists a state feedback control law, to make
the roundedness of all closed-loop signals, disturbance re-
jection, and output tracking the reference ym (t).

Proof: From the baseline controller based system (10),
the input-output form is obtained as

y(t) = Gp (s) [v] (t)+ ȳ(t) , (20)

with Gp (s) = C(sI −A)−1B and ȳ(t) = Gd (s) [d] (t) =
C(sI −A)−1Bd [d] (t). Operate the interactor matrix (a
polynomial matrix) ξm (s) on in the system (10), ẋ(t) =
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A(x)+Bv(t)+Bdd (t) ,y(t) = Cx(t), to reach an expres-
sion of ξm (s) [ym] (t) in a possible form:

ξm (s) [y] (t) =−K̄0x(t)+ K̄pv(t)+ K̄p1v̇+ · · ·
+K̄pl0v(l0) (t)+ K̄dd (t)+ K̄d1ḋ (t)
+ · · · + K̄dl1d(l1) (t) ,

(21)

with some constant matrices K̄0 ∈ RM×n, K̄p ∈
RM×M, K̄p j ∈ RM×M, j = 1,2, . . . , l0, K̄d ∈ RM×p and
K̄di ∈ RM×p, i = 1,2, . . . , l1, for some integers l0, l1 ≥ 0.
From (10) and (20), we have

x(s) = (sI −A)−1Bv(s)+(sI −A)−1Bdd (s) , (22)

Expressing (21) in s domain and using (22), we have

ξm (s)y(s) =−K̄0(sI −A)−1Bv(s)+ K̄pv(s)
+K̄p1sv(s)+ · · ·+ K̄pl0 sl0 v(s)
−K̄0(sI −A)−1Bdd(s)+ K̄dd (s)
+K̄d1sd (s)+ · · ·+ K̄dl1 sl1 d (s) .

(23)

From Assumption 2 that Kp = lims→∞ξ (s)Gp (s) is fi-
nite and nonsingular and Assumption 4, Kp j = 0, j =
1, · · · , l0, K̄P = Kp ,and Kd j = 0, j = 1, · · · , l0, K̄d = Kd

Hence, we have

ξm (s) [y] (t) =−K̄0x(t)+Kpv(t)+Kdd (t) . (24)

From (24) that the control law can be designed as

v(t) = v∗ (t) = K∗T
1 x(t)+K∗

2 r (t)+K∗
3 (t) , (25)

where K∗T
1 = K−1

p K̄0,K∗
2 = K−1

p , and K∗
3 (t) = K3dd (t)

with K3d (t) = −K−1
p Kd , which leads the output match-

ing: ξm (s) [y] (t) = r (t). From (25) to the system (10), we
have

y(t) =C(sI −A−BK∗T
1 )

−1
BK∗

2 [r] (t)
+C(sI −A−BK∗T

1 )
−1

B [K∗
3 ] (t)

+C(sI −A− BK∗T
1 )−1Bdd(s)

=Wm(s) [r] (t) = ym (t) .

(26)

Remark 2: From (26), we can conclude that the plant-
model matching conditions are:

C(sI −A−BK∗T
1 )

−1
BK∗

2 =Wm(s)
Wm(s)K∗−1

2 K∗
3 (s)+C(sI −A−BK∗T

1 )−1Bdd(s)
= 0.

(27)

3.2. Parameterizations of the Term K∗
3 (t)

For the disturbance vector d (t) ∈ Rp, each element
d j (t) in (10) can be expressed as

d j (t) = d j0 +
q j

∑
k=1

d jk f jk (t) = µ∗T
j f j (t) ,

j = 1,2, · · · , p,
(28)

where the parameter matrix and the disturbance signal
components are

µ∗
j =

[
d j0,d j1, · · · ,d jq j

]T ∈ Rq j+1, (29)

f j (t) =
[
1, f j1 (t) , · · · , f jq j (t)

]T ∈ Rq j+1

j = 1,2, . . . , p.
(30)

Hence, the disturbance d (t) is expressed as

d (t) = N∗T f (t) , (31)

N∗T =


µ∗T

1 0T
(q2+1) · · · 0T

(qp+1)

0T
(q1+1) µ∗T

2 · · · 0T
(qp+1)

...
...

...
...

0T
(q1+1) 0T

(q2+1) · · · µ∗T
p


∈ Rp×q,

(32)

f (t) =
[

f T
1 (t) f T

2 (t) . . . f T
p (t)

]T ∈ Rq,
q = q1 +q2 + · · ·+qp + p.

(33)

With K∗
3d =

[
k∗3d1,k

∗
3d2, . . . ,k

∗
3d p

]
,k∗3d j ∈ RM , j = 1, 2, . . .,

p, the disturbance rejection term K∗
3 (t) is parameterized

as

K∗
3 (t) = K∗

3dd (t) = K∗
3dN∗T f (t) = K∗

3 f f (t) , (34)

where the parameter matrix is

K∗
3 f =

[
ϕ ∗

31,ϕ ∗
32, . . . ,ϕ ∗

3p

]
∈ RM×q,

q = q1 +q2 + · · ·+qp + p,
ϕ ∗

3 j = k∗3d jµ∗T
j ∈ RM×(q j+1), j = 1,2, . . . , p.

(35)

Next, the adaptive disturbance rejection design for the
state feedback control scheme will be studied for the plant
with uncertainties from the plant and unmatched distur-
bances.

3.3. Error equation
Applying (12) to the system (10), the closed-loop sys-

tem becomes

ẋ(t) =
(
A+BK∗T

1

)
x(t)+BK∗

2 r (t)
+BK∗

3 (t)+Bdd (t)+B
[
v(t)−K∗T

1 x(t)
−K∗

2 r(t)−K∗
3 (t)] ,

y(t) =Cx(t) .

(36)

In view of (13) and (27) the output tracking error equa-
tion is

e(t) = y(t)− ym(t)
=Wm (s)K∗

p

[
v−K∗T

1 x−K∗
2 r−K∗

3

]
(t)

+ fp (t) , K∗
p = K∗−1

2 ,
(37)

where fp (t) = Ce(A+BK∗T
1 )tx(0) converges to zero expo-

nentially fast due to the stability of A+BK∗T
1 and Wm(s) =

ξ−1
m (s) . Hence we have

ξm (s) [e] (t) = Kp
(
v(t)−K∗T

1 x(t)−K∗
2 r (t)

−K∗
3 (t)) .

(38)

3.4. Adaptive designs using LDU decomposition
To deal with the uncertainty of the high-frequency gain

matrix Kp, we use the LDU decomposition in Lemma 1,
we have

L−1ξm (s) [e] (t) =DU
[
v(t)−K∗T

1 x(t)

− K∗
2 r (t)−K∗

3 (t)] .
(39)
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We have the following formation:

Uv(t) = v(t)− (I −U)v(t) . (40)

With (39) and (40), we have

L−1ξm (s) [e] (t)
= D [v(t)− (I −U)v(t)

−U
(
K∗T

1 x(t)−K∗
2 r (t)−K∗

3 (t)
)]
.

(41)

We have a new parameterization:

L−1ξm (s) [e] (t) = D
[
v(t)−Φ∗

0v(t)−Φ∗T
1 ω (t)

]
, (42)

where Φ∗T
1 = [UK∗T

1 , UK∗
2 , UK∗

3 f ] and ω (t) = [xT (t),
rT (t), f T (t)]T . This new parameterization motivates the
new controller structure:

v(t) = Φ0v(t)+ΦT
1 ω (t) , (43)

where Φ0 and ΦT
1 are the estimates of Φ∗

0 and Φ∗T
1 , Φ0

is upper triangular with zero diagonal elements (only its
nonzero elements are estimated). Matrix Φ0 has the same
strictly form as that of Φ∗

0 = (I−U), and

Φ0 =


0 ϕ12 ϕ13 . . . ϕ1M

0 0 ϕ23 . . . ϕ2M
...

...
...

...
0 0 · · · 0 ϕM−1M

0 0 · · · 0 0

 ∈ RM×M. (44)

From (42) and (43), we obtain a new error model

ξm (s) [e] (t)+Θ∗
0ξm (s) [e] (t) = DΦ̃T (t)ω̄(t), (45)

where the parameter error is Φ̃(t) = Φ(t) − Φ∗, and
ΦT (t) = [Φ0(t),ΦT

1 (t)] is the estimate of unknown param-
eter matrix Φ∗T = [Φ∗

0,Φ∗T
1 ], ω̄(t) = [vT (t),ωT (t)]T and

ω(t) =
[
xT (t),rT (t), f T (t)

]T . Where Θ∗
0 =

(
L−1 − I

)
is

introduced to parameterize the unknown matrix L, which
has the special form:

Θ∗
0 =


0 0 . . . 0

θ ∗
21 0 . . . 0
... . . . 0 0

θ ∗
M1 . . . θ ∗

MM−1 0

 ∈ RM×M. (46)

For such a matrix Θ∗
0 the parameter vectors defined as

θ ∗
2 = θ ∗

21 ∈ R,
θ ∗

3 = [θ ∗
31,θ ∗

32]
T ∈ R2,

...
θ ∗

M−1 =
[
θ ∗

M−11, . . . ,θ ∗
M−1M−2

]
∈ RM−2,

θ ∗
M =

[
θ ∗

M1, . . . ,θ ∗
MM−1

]
∈ RM−1,

(47)

and their estimates are

θ2 (t) = θ21 (t) ∈ R,
θ3 (t) = [θ31 (t) ,θ32 (t)]

T ∈ R2,
...
θM−1 (t) =

[
θM−11 (t) , . . . ,θM−1M−2 (t)

]
∈ RM−2,

θM (t) =
[
θM1 (t) , . . . ,θMM−2 (t)

]
∈ RM−1.

(48)

We introduce a filter h(s) = 1
f (s) , where f (s) is chosen

as a stable and monic polynomial whose degree is equal
to the maximum degree of the modified interactor ξm (s).
Operating both sides of (45) by h(s) IM leads to

ξm (s)h(s) [e] (t)+Θ∗
0ξm (s)h(s) [e] (t)

= D∗h(s)
[
Φ̃T ω̄

]
(t).

(49)

We defined

ē(t) = ξm(s)h(s) [e] (t) = [ē1(t), . . . , ēM(t)]
T , (50)

ηi(t) = [ē1(t), · · · , ēi−1(t)]
T ∈ Ri−1,

i = 2,3, . . . ,M.
(51)

From (49) and (50) in (51), we obtained:

ē(t)+
[
0,θ ∗T

2 (t)η2(t),θ ∗T
3 (t)η3(t),

. . . ,θ ∗T
M (t)ηM(t)

]T
= Dh(s)[Φ̃T ω̄](t).

(52)

Based on the parameterized error equation (49), an es-
timation error signal is introduced:

ε(t) =ē(t)+ [0,θ T
2 (t)η2(t),θ T

3 (t)η3(t),

. . . ,θ T
M (t)ηM(t)]T +Ψ(t)ξ (t) ∈ RM,

(53)

where Ψ(t) ∈ RM×M is the estimate of Ψ∗ = D and

ζ (t) = h(s) [ω̄] (t), i = 1,2, · · · ,M, (54)

ξ (t) = ΦT (t)ζ (t)−h(s)
[
ΦT ω̄

]
(t),

i = 1,2, · · · ,M.
(55)

It then follows from (49), (53), (54) and (55)

ε(t) = [0, θ̃ T
2 η2(t), θ̃ T

3 η3(t), . . . , θ̃ T
MηM(t)]T

+DΦ̃T + Ψ̃(t)ξ (t),
(56)

where Ψ̃(t) = Ψ(t)−Ψ∗ and θ̃i (t) = θi (t)− θ ∗
i are the

parameter errors. This error model is choice for update
laws. Adaptive laws. Based on the error model (56), the
adaptive laws are chosen as

·
θi (t) =−Pθi εi(t)ηi (t)

m2 (t)
, i = 2, . . . ,M, (57)

Φ̇T (t) =−
Pϕ ε(t)ζ T (t)

m2(t)
, (58)

Ψ̇(t) =−Pε(t)ξ T (t)
m2(t)

, (59)

where Pθi = Pθi
T > 0, i = 2, 3, . . ., M, and P = PT > 0 are

adaptive gains; The sign of Pϕ is defined in (15). ε(t) =
[ε1(t),ε2(t), . . . ,εM(t)]

T is calculated from (56), and

m2(t) = 1+ζ T (t)ζ (t)+ξ T (t)ξ (t)+
M

∑
i=2

ηT
i ηi(t). (60)
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3.5. Stability analysis
For the adaptive laws (57)-(59), we have following de-

sired stability properties.
Lemma 4 [34]: the adaptive laws ensures that

(i)θi(t) ∈ L∞, i = 2,3, . . . ,M,Φ(t) ∈ L∞,Ψ(t) ∈ L∞,

and ε(t)
m(t) ∈ L2 ∩L∞;

(ii) θ̇i(t) ∈ L2 ∩L∞, i = 2,3, . . . ,M,Φ̇(t) ∈ L2 ∩L∞,
and Ψ̇(t) ∈ L2 ∩L∞.

Proof: We choose the positive definition function

V =
1
2

(
M

∑
i=2

θ̃ T
i Γ−1

θi
θ̃ + tr

[
Ψ̃T Γ−1Ψ̃

]
+tr

[
Φ̃T DΦ̃

])
.

(61)

From(57)-(59), we derive the time-derivate of V

V =−
M

∑
i=2

θ̃ T
i εi(t)ηi(t)

m2(t)
− ξ T (t)Ψ̃ε(t)

m2(t)

− ζ T
(t)Φ̃Dε(t)
m2(t)

=− εT (t)ε(t)
m2(t)

≤ 0.

(62)

Similar to the case in [34], we derive that
θi(t) ∈ L∞, i = 2,3, . . . ,M,Φ ∈ L∞,Ψ ∈ L∞, ε(t)

m(t) ∈ L2 ∩
L∞, θi(t) ∈ L2 ∩ L∞, i = 2,3, . . . ,M,Φ̇(t) ∈ L2 ∩ L∞, and
Ψ̇(t) ∈ L2 ∩L∞.

Based on Lemma 4, the following desired closed-loop
system properties are established.

Theorem 2: For the plant (10) with uncertainties from
the system parameters and disturbance (1) under Assump-
tions 1-4, and the reference model (13), the LDU decom-
position based MRAC scheme with the adaptive controller
(12) and adaptive parameter update laws (57)-(59) guaran-
tees closed-loop system boundedness and asymptotic out-
put tracking lim

t→∞
e(t) = 0 with e(t) = y(t)− ym(t).

Proof: (outline) The proof of this stability theorem
can be established through using a unified framework. Be-
cause the control input v(t) described in (43) depends on
the state x(t), it first needs to be expressed by using the
system output y(t) through establishing the state observer
of the plant:

˙̂x(t) = (A−LC) ˙̂x(t)+Bv(t)+Bdd (t)+Ly(t) (63)

where L∈Rn×M is a gain matrix such that A−LC is stable,
which is possible (AC) is assumed to be detectable. Hence
we have

v(t) =ΦT
1 (t)ω1 (t)+ΦT

2 (t)ω2 (t)

+ΦT
3d (t)ω3 (t)+K2 (t)r (t)+Φ3 (t) f (t) ,

(64)

where ΦT
1 (t), ΦT

2 (t), ΦT
3d (t), K2 (t) and Φ3 (t) are adap-

tive estimates of the corresponding nominal controller pa-
rameters and

ω1 (t) =
a(s)
Λ(s) [v] (t), ω2 (t) =

a(s)
Λ(s) [y] (t),

ω3 (t) =
b(s)
Λ(s) [ f ] (t),

with a(s) = [IM sIM . . . sn−1IM]
T , b(s) = [Iq sIq

. . . sn−1Iq]
T , and Λ(s) being a chosen monic stable poly-

nomial of degree n, which has the same eigenvalues with
A−LC. Then, introducing the fictitious filters for the plant
y(t) = C(sI −A)−1Bv(t)+C(sI −A)−1Bdd (t) and using
series transformations, the control input described as (64)
is transformed into the form

v(t) = G11 (s, ·) [ȳ] (t)+G12 (s, ·) [r] (t)
+G13 (s, ·) [ f ] (t)+G14 (s, ·) [ fp] (t) ,

(65)

where ȳ(t) = h(s) [y] (t) ( h(s) is given below (48)) and
G11 (s, ·) ,G12 (s, ·) ,G13 (s, ·) , and G14 (s, ·) are proper sta-
ble operators with finite gains. Furthermore, a filtered ver-
sion of the output signal y(t) is expressed in a feedback
framework:

∥ȳ(t)∥ ≤x0 +β1

∫ t

0
e−α1(t−τ)x1 (τ)

×
(∫ τ

0
e−α2(τ−ω) ∥ȳ(ω̄)∥dω̄

)
dτ,

(66)

for some β1,α1,α2 > 0, and x1 (t) =
∥∥Φ̇(t)

∥∥ +
∥ε (t)∥m(t)∈ L2∩L∞ . Applying the small gain lemma to
Eq.(60), we conclude that ȳ(t) ∈ L∞, and so y(t) ,v(t) ∈
L∞ . Thus, the signals satisfy ω̄ (t) ,ζ (t) ,ξ (t) ,m(t) ,ε ∈
L∞ . Furthermore, θi,

ε(t)
m(t) ,Φ̇(t) ,Ψ̇(t) ∈ L2 (Lemma 4 )

are satisfied, and in turn ξ (t) and e(t) = y(t)− ym (t),
such that e(t) = y(t)− ym (t) converges to zero.

4. SIMULATION STUDY

In this section, the proposed LQR based MRAC scheme
is applied to an aircraft control system model with dis-
turbance. Through simulation evaluation, we give com-
parison among the LQR method, the PMRAC augmented
method, single MRAC method and the proposed LQR
based MRAC method under the disturbance situation.
Different simulation results are given to illustrate the
effectiveness of our proposed turbulence compensation
method.

4.1. Aircraft system model

Our simulation model is chosen to represent lateral-
directional motion of a conventional aircraft derived in
[35], with the rudder δr primary control the yaw rate r and
the sideslip angle β . The ailerons changing its roll rate p
and the bank angle φ .

φ̇
β̇
ṗ
ṙ

=


0 0 1 0
g
V

Yβ
V

Yp

V
Yr
V −1

0 Lβ Lp Yr

0 Nβ Np Nr




φ
β
p
r


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+


0 0

Yδa
V

Yδr
V

Lδa Lδr

Nδa Nδr

( δa

δr

)
. (67)

The following example for a small passenger aircraft in
a cruise configuration, typical values of these parameters
are

Ap =


0 0 1 0

0.0487 −0.0829 0 −1
0 −4.546 −1.699 0.1717
0 3.382 −0.0654 −0.0893

 ,

Bp =


0 0
0 0.0116

27.276 0.5758
0.3952 −1.362

 ,
C =

[
1 0 0 0
0 1 0 0

]
.

4.2. Controller design
The baseline controller is

ubl = KT
x x. (68)

After several design iterations, we have selected LQR
diagonal

Q = diag
(

1 10 0.1 5
)
,R = I2×2. (69)

The resulting baseline LQR state feedback solution is

KT
x =

[
−1.0064 −0.045 −0.361 0.027
−0.0823 −1.3869 −0.0459 2.552

]
.

For the aircraft system, the transfer function, Gp (s) =
C(sI −A)−1B has stable zeros: s1=-4.507, s2=-0.91, s3=-
0.5685, and is strictly proper and full rank. The interactor
matrix is chosen as

ξ (s) = diag
{

s+1 (s+1)2 } . (70)

The high-frequency matrix

Kp = lim
s→∞

ξm (s)Gp (s)

=

[
2.2673 8.8455
−0.0902 −0.3521

]
, (71)

is finite and nonsingular and the matrix

Kd = lim
s→∞

ξm (s)Gd (s)

=

[
−0.0386 −0.0526
−0.2481 −0.6246

]
, (72)

is finite. We choose h(s) = 1
(s+1)2 .From G0 (s) and Gd (s),

we can obtain

lim
s→∞

Z−1
0 (s)Zd (s) =

[
−0.017 −0.0064
2.7493 1.7739

]
, (73)

this means relative degree condition Assumption 4 is en-
sured. The related gain parameters in adaptive laws (57)-
(59) are chosen as

Pθ = 5,Pϕ = diag
{

0.5 0.5
}
,

P = diag
{

1 1
}
. (74)

4.3. Simulation results
The LQR method, PMRAC augmented method, single

MRAC method, LQR based MRAC method are simulated
and comparisons are systematically presented. Three sets
of simulation results are provided below. Case 1 is de-
signed for comparison on the four controllers with reduc-
tion on control effectiveness and unmatched disturbance
turned on. Case 2 and 3 are designed to show the effec-
tiveness of the proposed LQR based MRAC augment con-
troller.

For simulation studies, the initial state is chosen
as x0 (t) =

[
0.1 0.1 0.1 0.1

]
and the initial pa-

rameter values are set as 70% of their true values.
We have selected the following control effectiveness
Λ = 0.5I2×2 , the constant unknown coefficient is Γ =(

4Ap (2,2) 2Ap (2,3) 2Ap (2,4)
4Ap (2,1) 2Ap (3,3) 2Ap (3,4)

)T

and the known

regressor vector is Ω(x) =
(

β p r
)T .

The unmatched disturbance is defined in [36] as

bφw =
[

0 −0.0487 0 0
]T
,

bβw =
[

0 0.0829 4.546 3.382
]T
.

(75)

Two types of disturbance are described the constant tur-
bulence and the time-varying turbulence.

1) We consider the constant roll and slide angle wind
velocity disturbance as below:

φw = 1crad/s,βw = 1crad/s, (’crad’is’centrad’) .
2) We time-varying roll and slide angle wind velocity

disturbance as below:
φw = 2sin(0.2t) crad/s,
βw = 3sin(0.2t)+2sin(0.5t) crad/s,

where ω1, ω2 and ω3 are randomly chosen as 0.2, 0.3 and
0.5 for the numerical study, respectively. All the magni-
tudes of the preceding disturbances are unknown to the
adaptive controller.

Case 1 is for time-varying tracking with reference step
input when the uncertainty parameters and constant roll
and slide angle wind velocity disturbance occur. As shown
in Fig. 1 and Fig. 2, the baseline controller is able to stabi-
lize the perturbed dynamics and the tracking performance
is unacceptable. The aileron and rudder deflections ex-
hibit the unwanted oscillations. As shown in Fig. 3 and
Fig. 4, the LQR augment with PMRAC method was able
to stabilize the perturbed dynamics. The corresponding
aileron and rudder deflections are reasonable and well
within the actuator capabilities. But there is a tracking
error in response to unmatched uncertainty. As shown in
Fig. 5 and Fig. 6, the single MRAC method was able to
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Fig. 1. LQR controller response with disturbance.

stabilize the perturbed dynamics and recovers the desired
closed-loop tracking performance. But the tracking tran-
sient of this controller is not well performed. As shown in
Fig. 7 and Fig. 8, the proposed new LQR based MRAC
method was able to stabilize the perturbed dynamics and
recovers the desired closed-loop tracking performance
and the transient of this controller is well performed.

Case 2 is for the corresponding time-varying tracking
with time-varying input r (t)=

[
sin(0.3t) 0.5sin(2t)

]T
, when the uncertainty parameters and constant roll and
slide angle wind velocity disturbance occur. As shown in
Fig.9 and Fig.10, the proposed new LQR based MRAC
method was able to stabilize the perturbed dynamics and
recovers the desired closed-loop tracking performance.

Case 3 is for corresponding time-varying tracking track-
ing with time-varying input r (t)=

[
sin(0.3t) 0.5sin(2t)

]T
, when time-varying roll and slide angle wind velocity dis-
turbance occur. As shown in Fig. 11 and Fig. 12, we can
also draw the same conclusions as Case 2.

From the simulations above, the proposed new LQR
based MRAC method shows great effectiveness in the
present of matched and unmatched disturbance.

5. CONCLUSIONS

In this paper, disturbance rejection algorithm based on
MRAC augmentation of linear quadratic regulator con-
troller (LQR) is investigated for uncertain turbulence dis-
turbances. The direct adaptive state feedback optimal
controller based on an LDU gain decomposition param-
eterization is designed to solve the turbulence compen-
sation problem to enhance control performance. Under
the proposed control techniques, the bounded stability is
achieved and the controller is able to remain within tight
bounds on disturbance. Finally, simulation results are pre-

Fig. 2. LQR control signal.

Fig. 3. PMRAC response with disturbance.

sented to illustrate the effectiveness of the MRAC aug-
mentation of LQR controller. This paper has established
disturbance rejection method in theory and demonstrated
via simulation results from application to a linearized air-
craft models around the equilibrium points. However, this
design is still needed to apply to the nonlinear aircraft dy-
namics and non-minimum phase system. Our future re-
search will address modifications of this algorithm to ex-
pand such operation domains.
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